Introduction
Many recent studies have been focused on the problem of magnetic field effect on laminar mixed convection boundary layer flow over a vertical non-linear stretching sheet [1] [2] [3] . Some industrial examples of the problem are extrusion processes, cooling of nuclear reactors, glass fiber production and crystal growing. Malarvizhi et al. [4] , have investigated free and mixed convection flow over a vertical plate with prescribed temperature and heat flux. Kayhani, Khaje and Sadi [5] studied the natural convection boundary layer along impermeable inclined surfaces embedded in porous medium. Mohebujjaman et al. [6] , studied magneto hydrodynamics (MHD) heat transfer mixed convection flow along a vertical stretching sheet in the presence of magnetic field with heat generation. Also, Kumaran et al. [7] , studied transition of MHD boundary layer flow past a stretching sheet. Fadzilah et al. [8] have investigated numerically free convection boundary layer in a Viscous Fluid. Salleh et al. [9] studied forced boundary layer Flow at a Forward Stagnation Point. The study by Prasad [10] , has taken into account the effects of temperature dependent properties on the MHD forced convection over a non-linear stretching plate. In recent years, convective heat transfer from nanofluids has been noticeable. Conventional fluids, such as water, ethylene glycol mixture and some types of oil have low heat transfer coefficient, the reason for which might be related to the low conduction coefficient of these fluids. Choi [11] , was the first person who utilizes nanofluid. Choi et al. [12] affirmed that the addition of a one percent by volume of nanoparticles to usual fluids increases the thermal conductivity of the fluid up to approximately two times. Recently several modeling of the natural or mixed convection of nanofluids have been investigated numerically. Ho et al. [13] studied the effect of natural convection of nanofluid in an enclosure due to uncertainties in viscosity and thermal conductivity. Ghasemi and Aminossadati [14] presented the numerical solution of natural convection in an inclined enclosure filled with a water-CuO nanofluid. Maiga et al. [15] studied the effect of nanofluid on forced convection heat transfer enhancement. Wang and Mujumdar [16] [17] [18] reported numerical investigations, experiments and applications of nanofluids, which are very useful and can be applied. Therefore, the mixed convection heat transfer of nanofluid over a vertical stretching sheet in the presence of variable magnetic field and viscous dissipation effects were not investigated. The importance of viscous dissipation term is due to the increase in friction coefficient, when solid particles are in contact with the solid plate. Also, the presence of nanoparticles in the magnetic field may have interesting results.
In the present study, mixed convection MHD flow of nanofluid along a non-linear stretching sheet with the presence of viscous dissipation and variable magnetic field is investigated. The nanofluid is assumed to be homogeneous with average physical properties of basic fluid and nanoparticles. The governing boundary layer equations are transformed into non-linear ordinary differ-ential equations by considering suitable similarity variables. The resultant similarity equations are solved using an implicit finite-difference scheme known as Keller Box method.
Mathematical analysis
A steady state two dimensional mixed convection boundary layer flow of nanofluid from a vertically stretching sheet with variable magnetic field and viscous dissipation effect is considered.
The nanofluid is assumed as a homogeneous fluid with average physical properties of basic fluid and nanoparticles. Therefore the nanofluid is assumed to be a single phase solution. In other words we have just investigated the macroscopic behavior of the nanofluid in the mixed convection boundary layer. As it can be seen in [19] and [20] , these assumptions are used for natural convection boundary layer flow of nanofluid over a vertical plate. The nanofluid is composed of solid particles suspended in dense fluid (e.g. aqueous suspended) i.e., we have a mixture. Therefore the gravity force applies to the whole nanofluid as a body force. A quiescent incompressible and electrically conducting fluid in the presence of a magnetic field B(x) perpendicular to the sheet is taken into account along with the dissipation effect. Fig. 1 . shows the schematic view of the physical model and coordinates of the system. 
where ρ nf , μ nf and α nf are effective density, effective dynamic viscosity and effective diffusivity of the nanofluid, respectively [21] .
here μ f is the dynamic viscosity of the basic fluid; ρ f , ρ s , (C p ) f and (C p ) s are the density of basic fluid, the density of the nanoparticle, heat capacity of the basic fluid and heat capacity of the nanoparticle, respectively; k nf is the thermal conductivity of the nanofluid and (ρC p ) nf is the heat capacitance of the nanofluid, which are as follows
where k f , k s are the thermal conductivity of the base fluid and nanoparticles, respectively. The functional form of magnetic field is as
The following dimensionless similarity variable is used to transform the governing equations into the ordinary differential equations   
By applying the similarity transformation parameters, the momentum Eq. (2) and energy Eq. (3) can be written as
Therefore, the transformed boundary conditions are
The dimensionless parameters of Gr/Re 2 , Nu and C f are the Richardson number, Nusselt number and stretching sheet friction coefficient respectively. They are defined as 
Numerical method
Two dimensional equations of flow and energy for a vertical, non linear stretching sheet have been considered. These equations include, the viscous dissipation and variable (non linear) magnetic field. Then, they were transformed into similarity form. From similarity solution, two non linear coupled equations were derived. These two equations are converted into five first order equations. Then the system of first-order equations is solved numerically using an efficient implicit finite-difference scheme known as Keller Box method. The non-linear discretized system of the equations is linearized, using Newton's method [24] [25] [26] . The system of obtained equations is a block-tridiagonal which is solved using the blocktridiagonal-elimination technique. A step size of Δη = 0.005 was selected to satisfy the convergence criterion of 10 -4 in all cases. In this solution, η ∞ = 5 is sufficient to apply perfect effect of boundary layer.
Results and discussion
Here, MHD mixed convection heat transfer of nanofluid along a vertical, non-linear stretching sheet has been considered. The effect of volume fraction of nano particles, stretching, MHD effects and non dimensional Eckert and Richardson numbers are considered. Also, the effects of the type nano particles on thermal and hydrodynamic boundary layers based on similarity variables have been shown. Table 1 depicts a comparison between the present results and Hamad's results [19] . As illustrated in Table 1 there is only a small difference between the results, which confirms the validity of the present results.
In Table 2 , thermal properties of nanoparticles of the present work are seen. Also, Tables 3 and 4 show the values of Nusselt number and stretching sheet friction coefficient for different governed physical parameters and different nanoparticles. Table 1 Comparison between the present results with results by Hamad et al. [19] for various nanoparticles in water (Pr = 6.2) at Ec = 0, Mn = 0, Gr/Re In Figures f n is non dimensional velocity which is 1 on the sheet and also is zero in a distance sufficiently far away. Similarly, θ implied to non dimensional temperature with the same limits of the non dimensional velocity. Fig. 2 illustrates the effect of magnetic parameter on the non dimensional velocity in presence of Richardson number. As it is seen, when Richardson number increases, the velocity boundary layer thickness also increases which shows low shear stress on the wall. The reason is due to the fact that the higher the Richardson, the more natural convection, which follows the reduction in the velocity gradient. Also, a decrease in magnetic parameter causes an increase in the boundary layer thickness. The phenomenon is due to the effect of Lorentz force which causes fluid momentum amplification and as a result, higher velocity gradient is created on the sheet. Also, it can be seen that increasing Richardson number and stable natural convection, the effect of magnetic parameter becomes more important.
 
In Fig. 3 the non dimensional velocity profile has been shown for different Richardson numbers with the variation of volume fraction of nanoparticles. As evident, when Richardson number is not higher than unity, within whole boundary layer thickness the increase in nanoparticle volume fraction causes reduction in velocity boundary layer thickness. While, at high Richardson numbers, the increase in nanoparticles volume fraction near the wall causes an increase in velocity profile. 
 
, Pr = 6.2
As can be seen in Fig. 4 , when magnetic parameter is changed between 1 and -1 the velocity boundary layer increases. In addition, it can be understood that the stretching parameter has more affects on velocity profile for Richardson numbers higher than unity or equal to unity. Fig. 5 shows the effect of Eckert number with Richardson number on velocity profile. As can be seen, the effect of Eckert number on boundary layer thickness is negligible at Richardson numbers lower than unity. The reason which might be associated to this is that natural convection is closer to forced convection flow and the order of magnitude of inertia forces on velocity is more than shear forces, while at Richardson numbers higher than unity, the increase in Ec number causes the boundary layer thickness becomes thicker. 
 

Figs. 6-8 show, velocity distribution profiles for various three types of used nanoparticles such as Cu, Ag, SiO 2 and pure water. In these figures, it is obvious that, boundary layer thickness changes with the change of nanoparticle type. Of course, the order of magnitude of this variation is relatively low, and main reason of this variation is different physical and mechanical properties of nanoparticles such as dynamic viscosity, density and expansion coefficients. 
In Fig. 9 , the non dimensional temperature profiles versus variation of magnetic parameter and Richardson numbers have been plotted. As it is seen, an increase in magnetic parameter causes an increase in the thermal boundary layer. This increase is due to the Laurent forces effect. The Laurent force increases the nanofluid resistance, because of intermediate shear layer which causes increase of temperature. By considering the Richardson number, this condition is the same for natural, forced and mixed convection. Also, an increase in Richardson number causes a decrease in thermal boundary layer, which follows the increase in temperature gradient profile for different Eckert numbers. As is seen, the on the wall and as a result, heat transfer increases.   Fig. 10 shows the variation of SiO 2 volume fraction on the temperature distribution for different Richardson numbers. As can be seen, the increase in volume fraction has caused the temperature profiles to shift up for all different Richardson numbers. The reason can be the increase in nanoparticles friction. Because, by increasing the volume fraction, momentum and contact between nano solid particles would increase. Also, more SiO 2 particles cause more contact between solid particles and base fluid and finally the thicker thermal boundary layer. Fig. 12 shows the variation of temperature increase in Ec number caused the increase in fluid temperature. Because, the higher the Ec number, the higher the viscous dissipation effect in thermal boundary layer.
In addition, Figs. 13-15 show temperature profiles for some types of nanoparticles with water as base fluid. It can be found that nanoparticles cause an increase in thermal boundary layer of natural, forced and mixed convection. As a result, temperature gradient on the wall decreases, which is in fact what was expect. Therefore, it can be said that the effect of existence of nano particles is to cause velocity and temperature to shift to the upper bands. This situation recovers the condition of shear forces and heat transfer of the sheet. 
Conclusions
In this work, an analytical and numerical study of mixed convection with the effects of MHD flow of nanofluid over a non-linear stretching sheet and viscous dissipation was considered. The nanofluid was made of such nanoparticles as SiO 2 , TiO 2 , CuO and Ag with pure water as a base fluid. The nanofluid was assumed as a homogeneous fluid with average physical properties of basic fluid and nanoparticles. The values of Nusselt and drag coefficients for different non dimensional parameters of stretching and magnetic field effects, Eckert and Richardson numbers and volume fraction of nanoparticles were given. The results of these parameters compared to each other. The results show that, adding nanoparticles to the base fluids in forced, natural and mixed convection would cause a reduction in shear force and a decrease in stretching sheet heat transfer coefficient. Also, in nanofluid the decrease in magnetic parameter and increase in Eckert number cause better thermal conditions. In addition, using Ag nanoparticles showed better thermal conditions in comparison with other nanoparticles.
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